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Positive mass theorem (Schoen-Yau, Witten, · · · )
Any asymptotically flat manifold Mn with a suitable decay order
and with a dominant energy condition

R ≥ 0

has the nonnegative ADM mass.

m1 = mADM ≥ 0.

Moreover, ”=” holds ⇔ Mn = Rn.

Penrose inequality (Huisken-Ilmanen, Bray, Bray-Lee, · · · )

m1 = mADM ≥
1

2

(
|Σ|
ωn−1

)n−2
n−1

,

where Σ is an outermost minimizing horizon and |Σ| denotes the
area of Σ.
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ADM mass

Aasymptotically flat (AF) of decay order τ if there is a
compact set K such that M \K is diffeomorphic to Rn \BR(0)

gij = δij + σij ,

|σij |+ r|∂σij |+ r2|∂2σij | = O(r−τ )

ADM mass (Arnowitt-Deser-Misner):

m1(g) := mADM :=
1

2(n− 1)ωn−1
lim
r→∞

∫
Sr

(gij,i − gii,j)νjdS,

Bartnik: mAMD is well-defined and a geometric invariant, if

τ >
n− 2

2
and R ∈ L1(M).
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R(g) = ∂j(gij,i − gii,j) +O(r−2τ−2).

From this expression one can check that

lim
r→∞

∫
Sr

(gij,i − gii,j)νjdS,

is well defined, provided that τ > n−2
2 and R is integrable.

Question: Can we find a similar invaraint, or mass, for AF
manifolds with slower decay?

Yes, with the Gauss-Bonnet curvature, or Lovelock curvature.
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Generalized scalar curvature

Lovelock curvature or Gauss-Bonnet curvature:

Lk :=
1

2k
δ
i1i2···i2k−1i2k
j1j2···j2k−1j2k

Ri1i2
j1j2 · · ·Ri2k−1i2k

j2k−1j2k ,

L1 = R
L2 = |Riem|2 − 4|Ric|2 +R2 = |W |2 + 8(n− 2)(n− 3)σ2.
Ln

2
is the Pfafian, i.e., Euler-density.

σ2 and σk are scalar type curvatures considered in σk-Yamabe
problem by Viaclovsky, Chang-Gursky-Yang, Ge, Guan, W., Li,
Nguyen, Sheng, Trudinger, Wang, · · · .

We define a mass by using Lk for asymptotically flat
manifolds with decay order

τ >
n− 2k

k + 1
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The P curavture

Key Observation:

Lk = P stjl(k) Rstjl,

P stlj(k) :=
1
2k
δ
i1i2···i2k−3i2k−2st
j1j2···j2k−3j2k−2j2k−1j2k

Ri1i2
j1j2 · · ·Ri2k−3i2k−2

j2k−3j2k−2gj2k−1lgj2kj .

The P curvature has the same symmetry and antisymmetry
and a crucial property

∇iP ijlk = 0

P ijlk(1) = gikgjl − gilgjk.

P ijkl(2) = Rijkl+Rjkgil−Rjlgik−Rikgjl+Rilgjk+1

2
R(gikgjl−gilgjk).
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The Gauss-Bonnet-Chern mass

mk(g) := mGBC(g) = ck(n) lim
r→∞

∫
Sr

P ijkl∂lgjkνidS,

Theorem (Ge, W., Wu)

Suppose that (Mn, g) (k < n
2 ) is AF of decay order τ > n−2k

k+1 and
Lk is integrable on (Mn, g). Then the Gauss-Bonnet-Chern mass
mk is well-defined and invariant.

Lk = c(n, k)∂i

(
gjk,lP

ijkl

)
+O(r−(k+1)τ−2k)

Li-Nguyen had a similar mass
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Lk = RijklP
ijkl = gkmR

m
ijlP

ijkl

= gkm(∂iΓ
m
jl − ∂jΓmil )P ijkl +O(r−2k−(k+1)τ )

= gkm

[
∇i(ΓmjlP ijkl)−∇j(Γmil P ijkl)

]
+O(r−2k−(k+1)τ )

=
1

2
∇i
[
(gjk,l + gkl,j − gjl,k)P ijkl

]
−1

2
∇j
[
(gik,l + gkl,i − gil,k)P ijkl

]
+O(r−2k−(k+1)τ )

= 2∇i
(
gjk,lP

ijkl

)
+O(r−2k−(k+1)τ )

= 2∂i

(
gjk,lP

ijkl

)
+O(r−2k−(k+1)τ ),
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Positive mass theorem

Positive mass theorem is true for mk, if
(1) (Rn, e2u|dx|2) (Ge, W. Wu, to appear in IMRN)
(2) graphical AF manifolds (Ge, W., Wu)

Theorem (Positive Mass Theorem (Ge, W., Wu))

Let (Mn, g) = (Rn, δ + df ⊗ df) and Lk ∈ L1(M), then

mk =
ck(n)

2

∫
Mn

Lk√
1 + |∇f |2

dVg,

In particular, Lk ≥ 0 yields mk ≥ 0.

k = 1, Lam (2010), de Lima-Girao, Huang-Wu.

Key Lemma

Lk(g) = c(n)∂i(P
ijkl∂lgjk).
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Penrose inequality

Theorem (Penrose Inequality (k = 1 Lam, k ≥ 2 Ge-W.-Wu))

Ω ⊂ Rn, Σ = ∂Ω. f : Rn \ Ω→ R, (M, g) = (Rn\Ω, δ + df × df).
Σ is in a level set of f and |∇f(x)| → ∞ as x→ Σ. Then

mk = ck(n)

∫
Mn

Lk√
1 + |∇f |2

dVg + c(n)

∫
Σ
H2k−1

In particular, if Lk ≥ 0 (dominant energy condition) holds, then
the Alexandrov-Fenchel inequality yields a Penrose inequality

m2 ≥
1

4

( ∫
ΣRΣ

(n− 1)(n− 2)ωn−1

)n−4
n−3

≥ 1

4

(
|Σ|
ωn−1

)n−4
n−1

.
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Alexandrov-Fenchel inequality in Rn For convex domains

∫
Σ
Hk ≥ ωn−1

(
1

ωn−1

∫
Σ
Hj

)n−1−k
n−1−j

, 0 ≤ j < k ≤ n− 1,

non-convex case: Guan-Li, Huisken, Chang-Yi Wang
Penrose Inequality for AF graphs

mk = mGBC ≥
1

2k

(
|Σ|
ωn−1

)n−2k
n−1

.

Optimality: The generalized anti-de Sitter Schwarzschild
space-time is given by

(1− 2m

ρ
n
k
−2

)−1dρ2 + ρ2gSn−1 ,
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Hyperbolic Gauss-Bonnet-Chern mass

Hn, b = dr2 + sinh2 rgSn−1 = 1
1+ρ2

dρ2 + ρ2gSn−1

Nb := {V ∈ C∞(Hn)|Hess bV = V b}.

γ = −V 2dt2 + b is a static solution of the Einstein equation
Ric(γ) + nγ = 0.

dimNb = n+ 1

V(0) = cosh r, V(1) = x1 sinh r, · · · , V(n) = xn sinh r,

where r is the hyperbolic distance from an arbitrary fixed point on
Hn and x1, x2, · · · , xn are the coordinate functions restricted to
Sn−1 ⊂ Rn. We equip the vector space Nb with a Lorentz metric

η(V(0), V(0)) = 1, and η(V(i), V(i)) = −1 for i = 1, · · · , n.
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Hyperbolic Gauss-Bonnet-Chern mass

Define a new four-tensor

R̃iemijsl(g) = R̃ijsl(g) := Rijsl(g) + gisgjl − gilgjs

and a new Gauss-Bonnet curvature

L̃k :=
1

2k
δ
i1i2···i2k−1i2k
j1j2···j2k−1j2k

R̃ j1j2
i1i2

· · · R̃ j2k−1j2k
i2k−1i2k

= R̃stjlP̃
stjl
(k) ,

∇sP̃ stjl(k) = 0.
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Hyperbolic Gauss-Bonnet-Chern mass

HΦ
k (V ) = lim

r→∞

∫
Sr

((
V ∇̄lejs − ejs∇̄lV

)
P̃ ijsl(k)

)
νidµ

Theorem (Ge-W.-Wu)

Suppose (Mn, g)(2k ≤ n) is an asymptotically hyperbolic manifold
of decay order τ > n

k+1 and for V ∈ Nb, V L̃k ∈ L1, then the mass

functional HΦ
k (V ) is well-defined.

k = 1, X. Wang, Chruściel-Herzlich, Zhang

V L̃k = 2∇̄i
(

(V ∇̄lejs−ejs∇̄lV )P̃ ijsl
)

+2(∇̄i∇̄lV−V bil)ejsP̃ ijsl+O(e(−(k+1)τ+1)r).

Hyperbolic GBC mass: If HΦ
k (V ) > 0 ∀V ,

mH
k := c(n, k) inf

Nb∩{V >0,η(V,V )=1}
HΦ
k (V )
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∫
Sr

((
V ∇̄lejs − ejs∇̄lV

)
P̃ ijsl(k)

)
νidµ

Theorem (Ge-W.-Wu)

Suppose (Mn, g)(2k ≤ n) is an asymptotically hyperbolic manifold
of decay order τ > n

k+1 and for V ∈ Nb, V L̃k ∈ L1, then the mass

functional HΦ
k (V ) is well-defined.

k = 1, X. Wang, Chruściel-Herzlich, Zhang

V L̃k = 2∇̄i
(

(V ∇̄lejs−ejs∇̄lV )P̃ ijsl
)

+2(∇̄i∇̄lV−V bil)ejsP̃ ijsl+O(e(−(k+1)τ+1)r).

Hyperbolic GBC mass: If HΦ
k (V ) > 0 ∀V ,

mH
k := c(n, k) inf

Nb∩{V >0,η(V,V )=1}
HΦ
k (V )
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Penrose Inequality for AH graphs

Theorem (Penrose Inequality (Ge-W.-Wu))

k ≥ 2. If f : Hn \ Ω→ R with (Mn, g) = (Hn \ Ω, b+ V 2df ⊗ df)
is AH of decay order τ > n

k+1 and V L̃k ∈ L1. Assume that
Σ = ∂Ω is in a level set of f and |∇̄f(x)| → ∞ as x→ Σ.

mH
k = c(n, k)

(
1

2

∫
Mn

V L̃k√
1 + V 2|∇̄f |2

dVg+
(2k − 1)!

2

∫
Σ
V H2k−1dµ

)
.

mH
k ≥

1

2k

((
|Σ|
ωn−1

) n
k(n−1)

+

(
|Σ|
ωn−1

) n−2k
k(n−1)

)k
,

if L̃k ≥ 0 and Σ ⊂ Hn is horospherical convex. Moreover, equality
is achieved by an anti-de Sitter Schwarzschild type metric.

k = 1, Dahl-Gicquaud-Sakovich, de Lima and Girão
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Weighted Alexandrov-Fenchel inequalites in Hn

Theorem (Ge-W.-Wu)

Let Σ be a horospherical convex hypersurface in Hn

∫
Σ
V H2k+1dµ ≥ ωn−1

((
|Σ|
ωn−1

) n
(k+1)(n−1)

+

(
|Σ|
ωn−1

) n−2k−2
(k+1)(n−1)

)k+1

.

Equality holds if and only if Σ is a centered geodesic sphere in Hn.

k = 1 de Lima-Girao
A similar inequality by Brendle-Hung-Wang
Ideas: Inverse curvature flow by Gerhardt, Heintze-Karcher

type inequality of Brendle, optimal geometric inequalities on Sn−1

of Guan-W. and Alexandrov-Fenchel inequalites in Hn:
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Alexandrov-Fenchel inequality in Hn

Isoperimetric inequality in Hn by Schmidt (1940)
n = 2. L2 ≥ 4πA+A2

Theorem (Ge-W.-Wu, Ge-W.-Wu-Xia)

Let 1 ≤ k ≤ n− 1. Any horospherical convex hypersurface Σ in
Hn satisfies∫

Σ
Hkdµ ≥ Ckn−1ωn−1

{(
|Σ|
ωn−1

) 2
k

+

(
|Σ|
ωn−1

) 2
k

(n−k−1)
n−1

} k
2

.

Equality holds if and only if Σ is a geodesic sphere.

k = 2 Li-Wei-Xiong
It solves a problem in integral geometry in Hn proposed by

Gao-Hug-Schneider, at least in the case of horospherical convex.

Guofang Wang GBC mass



Mass for ALH

Pκ = Iκ ×N , where I−1 = (1,+∞) and I0 = I1 = (0,∞)
endowed with the warped product metric

bκ =
ds2

V 2
κ (ρ)

+ ρ2gN , ρ ∈ Iκ, and Vκ(ρ) =
√
ρ2 + κ.

m(M,g) = cn lim
r→∞

∫
Nr

(
Vκ(div bκe−d tr bκe)+(tr bκe−e(∇bκVκ, ·)

)
νdµ,

If κ = −1, the parameter m can be negative. In fact, m
belongs to the following interval

m ∈ [mc,+∞) and mc = −(n− 2)
n−2
2

n
n
2

.
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Penrose Inequality for ALH graphs

Conjecture (Chrusciel-Simon)

Let (M, g) be a ALH manifold with an outermost minimal horizon
Σ. Then the mass

m ≥ 1

2

((
|Σ|
ϑn−1

) n
n−1

+ κ

(
|Σ|
ϑn−1

)n−2
n−1

)
,

provided that M satisfies the dominant condition

Rg + n(n− 1) ≥ 0.

Moreover, equality holds if and only if (M, g) is a Kottler space.

• n = 3 Lee-Neves, by using the inverse mean curvature flow
of Huisken-Ilmanen

• Arbitrary n, but for graphs Ge-W.-Wu-Xia by using
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A Minkowski type inequality on Kottler manifolds

Theorem (Ge-W.-Wu-Xia )

Let Σ be a compact embedded hypersurface which is star-shaped
with positive mean curvature in Pκ,m = (ρκ,m,∞)×Nn−1, then
we have∫

Σ
Vκ,mHdµ ≥ (n− 1)ϑn−1

((
|Σ|
ϑn−1

) n
n−1

−
(
|∂M |
ϑn−1

) n
n−1

)

+(n− 1)κϑn−1

((
|Σ|
ϑn−1

)n−2
n−1

−
(
|∂M |
ϑn−1

)n−2
n−1

)
,

where ∂M = {ρκ,m} ×N. Equality holds if and only if Σ is a slice.
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Proof’s ideas of AF inequalities

1. Flows.
a) Inverse curvature flow (Q. Ding, Gerhardt,

Brendle-Hung-Wang
b) Curvature flow preserving ... ( Cabezas-Rivas, Miquel,

Makowski, W.-Xia)
c) Flow of Guan-Li

2. Functional.
a)
∫
Hk

b) Quermassintergral
c)
∫
Lk

3. Monotonicty∫
Σ Lkdµ(g)

|Σ|
n−1−2k
n−1

≥ C2k
n−1(2k)!ω

2k
n−1

n−1
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Thanks for your attention!
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