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Positive mass theorem (Schoen-Yau, Witten, - - -

Any asymptotically flat manifold M™ with a suitable decay order
and with a dominant energy condition

R>0
has the nonnegative ADM mass.

mi1 = mapy > 0.

Moreover, "=" holds & M™ = R".
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Positive mass theorem (Schoen-Yau, Witten, ---)

Any asymptotically flat manifold M™ with a suitable decay order
and with a dominant energy condition

R>0
has the nonnegative ADM mass.
mi1 = mapy > 0.

Moreover, "=" holds & M™ = R".

Penrose inequality (Huisken-limanen, Bray, Bray-Lee, - - -

n—2
1 |E‘ =il
M1 = MADM = 3 )

2

Wn—1

where ¥ is an outermost minimizing horizon and || denotes the
area of ¥.

v
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Aasymptotically flat (AF) of decay order 7 if there is a
compact set K such that M \ K is diffeomorphic to R™ \ Bg(0)

9ij = 0ij + 04,

|0ij| -+ T|60’ij| + T2|62()’Z‘j| = O(T_T)
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Aasymptotically flat (AF) of decay order 7 if there is a
compact set K such that M \ K is diffeomorphic to R™ \ Bg(0)

9ij = 0ij + 04,

|0ij| -+ T|60’ij| + T2|82()’Z‘j| = 0(7’_7—)

1 .
ma9) i=mapw = gy o im | (9 = giig)vidS,

r

Guofang Wang GBC mass



Aasymptotically flat (AF) of decay order 7 if there is a
compact set K such that M \ K is diffeomorphic to R™ \ Bg(0)

9ij = 0ij + 04,

|0ij| -+ T|60’ij| + T2|62()’Z‘j| = O(T_T)

1 .
ma9) i=mapw = gy o im | (9 = giig)vidS,

r

: mapp is well-defined and a geometric invariant, if

n—2

>
g 2

and Rec L'(M).
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R(g) = 9;(giji — iij) + O(r2772).

Guofang Wang GBC mass



R(g) = 9;(giji — iij) + O(r2772).

From this expression one can check that

r—00

Lm [ (gijs — Giij)vidS,
S

T

is well defined, provided that 7 > "T_Q and R is integrable.
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R(g) = 9;(giji — iij) + O(r2772).

From this expression one can check that

r—00

Lm [ (gijs — Giij)vidS,
S

T

is well defined, provided that 7 > "T_Q and R is integrable.

Question: Can we find a similar invaraint, or mass, for AF
manifolds with slower decay?
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R(g) = 9;(giji — iij) + O(r2772).

From this expression one can check that

Th_{glo (Gip s = @i el

is well defined, provided that 7 > "T_Q and R is integrable.

Question: Can we find a similar invaraint, or mass, for AF
manifolds with slower decay?

Yes, with the Gauss-Bonnet curvature, or Lovelock curvature.
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Generalized scalar curvature

Lovelock curvature or Gauss-Bonnet curvature:

L 102925 —112k
Ly : RiliQJUZ R

I : J2k—1J2k
T 9k jij2-jak—1J2k k Y

T2k —1%2
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Generalized scalar curvature

Lovelock curvature or Gauss-Bonnet curvature:

1172 l2k—1%2k Ri; niz... R
12

1
Ly =

I : J2k—1J2k
T 9k jij2-jak—1J2k k Y

T2k —1%2

Li=R
Ly = |Riem|? — 4|Ric|*> + R? = [W|? 4+ 8(n — 2)(n — 3)o.
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Generalized scalar curvature

Lovelock curvature or Gauss-Bonnet curvature:

1172 l2k—1%2k Ri; niz... R
12

1
Ly =

I : J2k—1J2k
T 9k jij2-jak—1J2k k Y

T2k —1%2

Li=R
Ly = |Riem|? — 4|Ric|*> + R? = [W|? 4+ 8(n — 2)(n — 3)o.
L% is the Pfafian, i.e., Euler-density.
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L% is the Pfafian, i.e., Euler-density.

o9 and oy, are scalar type curvatures considered in o;-Yamabe
problem by
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Generalized scalar curvature

Lovelock curvature or Gauss-Bonnet curvature:

1172 l2k—1%2k Ri; niz... R
12

1
Ly =

I : J2k—1J2k
T 9k jij2-jak—1J2k k Y

T2k —1%2

Li=R

Ly = |Riem|? — 4|Ric|*> + R? = [W|? 4+ 8(n — 2)(n — 3)o.

L% is the Pfafian, i.e., Euler-density.

o9 and oy, are scalar type curvatures considered in o;-Yamabe
problem by

We define a mass by using Lj for asymptotically flat
manifolds with decay order
n — 2k
k+1
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The P curavture

Key Observation:

stjl
Ly = (k) Rstjh
tlj
P .=
(k) . o , , A o
1 gi1ia-igk_3lok—25t . R, R . ]2k73]2k72g]2k—1lg.72k.7
2k ¥ g152"Jak—3J2k—2J2k—1J2K " 1172 12k—312k—2 :
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The P curavture

Key Observation:

stjl
Ty = B Bt o

(k)
tlj
P .=
(k). ; st ;
1 ghit2rrl2k—302k—2 . Jid2 ... PR, . J2k—3J2k—2 nJ2k—11 nJ2k]
2k j1j2"'j2k—3j2k—2j2k—1j2kRZ”Q R’2k7312k72 g g :

The P curvature has the same symmetry and antisymmetry
and a crucial property
VP9 =0
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The P curavture

Key Observation:

stjl
Ty = B Bt o

(k)
tlj
P .=
W = l
1 ghit2rrl2k—302k—2 . J1d2 ... . . J2k—3J2k—2 nJ2k—11 nJ2k]
2k j1j2"'j2k—3j2k—2j2k—1j2kRZ”Q R’2k7312k72 g g :

The P curvature has the same symmetry and antisymmetry
and a crucial property
VP9 =0

P(Zi)lk _ gikgjl - gilgjk'
P(zg)kl _ R”kl—FRjkg”—Rﬂglk—Rzkgjl+Rzlgjk+§R(g’kgﬂ—gllgjk).
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The Gauss-Bonnet-Chern mass

r—00

mg(g9) = magpc(g) = cx(n) lim / Pijklalgjkyids,
J s,
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The Gauss-Bonnet-Chern mass

mg(g9) = magpc(g) = cx(n) lim / Pijklalgjkyids,
J s,

r—00

Theorem (Ge, W., Wu)

Suppose that (M",g) (k < %) is AF of decay order T > ”kflk and

Ly, is integrable on (M™, g). Then the Gauss-Bonnet-Chern mass
my, is well-defined and invariant.
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The Gauss-Bonnet-Chern mass

mg(g9) = magpc(g) = cx(n) lim / Pijklalgjkyids,
J s,

r—00

Theorem (Ge, W., Wu)

Suppose that (M",g) (k < %) is AF of decay order T > ”kflk and

Ly, is integrable on (M™, g). Then the Gauss-Bonnet-Chern mass
my, is well-defined and invariant.

Ly = c(n, k)0; (gjk,zpijkl> + O(r (kFDT=2k)

had a similar mass
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Ly = Rijklpijkl = gkaZ-LlPijkl
= gm(OT} — 0;T) P 4 O (=2 (kD)7

= Gkm [Vi(F?}Pijk’) _ vj(rgpijkl)] + O(r=2k= (k1))
! i
= 5Vi|(gki + gm5 — gk P

1 ) e
—5Vi [(gz‘k,z + Ght,q —gil,kz)PUkl] + O(r~ 2= ()
= 2V, <gjk,zPijkl> + O(r~ 2k (k1))

= 28i(gjk7lpijkl> +O(T72k7(k+1)7-)7
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Positive mass theorem

Positive mass theorem is true for my, if
(1) (R™, e2¥|dx|?) ( , to appear in IMRN)
(2) graphical AF manifolds ( )
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Positive mass theorem

Positive mass theorem is true for my, if
(1) (R™, e2¥|dx|?) ( , to appear in IMRN)
(2) graphical AF manifolds ( )

Theorem (Positive Mass Theorem (Ge, W., Wu))

Let (M™, g) = (R*, 0 + df ® df) and Ly € L*(M), then

ck(n) Ly i
2 Jur 1+ |VS|2 o

In particular, Ly, > 0 yields m; > 0.

mr =
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Positive mass theorem

Positive mass theorem is true for my, if
(1) (R™, e2¥|dx|?) ( , to appear in IMRN)
(2) graphical AF manifolds ( )

Theorem (Positive Mass Theorem (Ge, W., Wu))

Let (M™, g) = (R*, 0 + df ® df) and Ly € L*(M), then

ck(n) Ly i
2 Jur 1+ |VS|2 o

In particular, Ly, > 0 yields m; > 0.

mr =

k=1,
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Positive mass theorem

Positive mass theorem is true for my, if
(1) (R™, e2¥|dx|?) ( , to appear in IMRN)
(2) graphical AF manifolds ( )

Theorem (Positive Mass Theorem (Ge, W., Wu))

Let (M™, g) = (R*, 0 + df ® df) and Ly € L*(M), then

ck(n) Ly i
2 Jur 1+ |VS|2 o

In particular, Ly, > 0 yields m; > 0.

mr =

Li(g9) = c(n)d;(P7"0,g;1,).
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Penrose inequality

Theorem (Penrose Inequality (k=1 Lam, k > 2 Ge-W.-Wu))

QCRY, =090 f:R*\ Q =R, (M,g) = (R"\Q,8 + df x df).
Y. isin a level set of f and |V f(x)] — oo asx — X. Then

my = ci(n

dVy + ¢(n) / Hop 4
JY

Ly,
). Mn 1 %‘|‘7f‘2

In particular, if L, > 0 (dominant energy condition) holds, then
the Alexandrov-Fenchel inequality yields a Penrose inequality

1 Js R "5 1/ |n] \ o

n—3 n—1

My > = Jy U8 > 2] _
4\ (n—=1)(n - 2)wp—1 4\ wp_1
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Alexandrov-Fenchel inequality in R™ For convex domains

n—1—k

1 n—1—j
/Hkan1< /HJ> T 0<j<k<n—1,
DY Wn—1 J%

non-convex case:
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Alexandrov-Fenchel inequality in R™ For convex domains

n—1—k

1 n—1—j
/Hkan1< /HJ> T 0<j<k<n—1,
DY Wn—1 J%

non-convex case:
Penrose Inequality for AF graphs

n—2k
n

1 Im N
mr = MGBC Z =7 .
28 Wn—1

Guofang Wang GBC mass



Alexandrov-Fenchel inequality in R™ For convex domains

n—1—k

1 n—1—j
/ﬁﬂzwn1< /ﬁﬁ) T 0<j<k<n—1,
DY Wn—1 J%

non-convex case:
Penrose Inequality for AF graphs

1 ( |Z| >
myg = MGBC =

—_) Wn—1

n—2k
n—1

Optimality: The generalized anti-de Sitter Schwarzschild
space-time is given by

2m

pi 2

(1- )" dp? + pPgsn-,
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Hyperbolic Gauss-Bonnet-Chern mass

H", b = dr? + sinh? rggn—1 = Hlpz dp® + p*ggn—
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Hyperbolic Gauss-Bonnet-Chern mass

H", b = dr? + sinh? rggn—1 = Hlpz dp® + p*ggn—

Ny := {V € C*®°(H")|Hess°V = Vb}.

v = —V?2dt? + b is a static solution of the Einstein equation
Ric(y) +ny =0.
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Hyperbolic Gauss-Bonnet-Chern mass

H", b = dr? + sinh? rggn—1 = Hlpz dp® + p*ggn—

Ny := {V € C*®°(H")|Hess°V = Vb}.

v = —V?2dt? + b is a static solution of the Einstein equation
Ric(y) +ny =0.
dim Nb =n+1

Vioy = coshr, V(1) = zlsinhr, -, Viny = 2" sinhr,

where r is the hyperbolic distance from an arbitrary fixed point on
H" and 2!, 22,--- , 2™ are the coordinate functions restricted to
St=1 ¢ R™.
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Hyperbolic Gauss-Bonnet-Chern mass

H", b = dr? + sinh? rggn—1 = Hlpz dp® + p*ggn—

Ny := {V € C*®°(H")|Hess°V = Vb}.

v = —V?2dt? + b is a static solution of the Einstein equation
Ric(y) +ny =0.
dim Nb =n+1

Vioy = coshr, V(1) = zlsinhr, -, Viny = 2" sinhr,

where r is the hyperbolic distance from an arbitrary fixed point on
H" and 2!, 22,--- , 2™ are the coordinate functions restricted to
SP=t C R™. We equip the vector space N, with a Lorentz metric

77(‘/(0)7‘/(0)) = 17 and 77(‘/(@)7 ‘/(1)) =-1 for i= ]-7 s, N
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Hyperbolic Gauss-Bonnet-Chern mass

Define a new four-tensor

—~— =

Riem;jq(g) = Rijsi(9) = Rija(9) + gisgjt — 9igjs

and a new Gauss-Bonnet curvature

= 1 iyipion_tior 5 juj ~ k17 =~
o 2k—1%2k Jijz . J2k—1J2k __ _ pstjl
Ly = ok “J1j2-J2k—1J2k" t1%2 Rizk-ﬂék o RStJlP(k) ’
Hstjl
VSP(k) =0.
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Hyperbolic Gauss-Bonnet-Chern mass

7*)00! Y

HY(V) = )lirn/ ((VVZQ75 ejsViV) (M)V,;du

Theorem (Ge-W.-Wu)

Suppose (M™, g)(2k <n)isan asymptotically hyperbolic manifold
of decay order T > k+1 and for Ve N,, VL, € L', then the mass
functional H? (V') is well-defined.

= 1.
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Hyperbolic Gauss-Bonnet-Chern mass

HY(V) = lim / ((VVZQ75 erVlV) (’») )V,;du

7*)00‘

Theorem (Ge-W.-Wu)

Suppose (M™, g)(2k <n)isan asymptotically hyperbolic manifold
of decay order T > k+1 and for Ve N,, VL, € L', then the mass
functional H? (V') is well-defined.

= 1.

VLI =2V, ((V@lejs—ejﬁlV)ﬁijsl>+2(vﬁlV—Vbil)ejsﬁiilerO(e(—(k“)T
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Hyperbolic Gauss-Bonnet-Chern mass

HY(V) = lim / ((VVZQ75 erVlV) (’») )V,;du

7*)00‘

Theorem (Ge-W.-Wu)

Suppose (M™, g)(2k <n)isan asymptotically hyperbolic manifold
of decay order T > k+1 and for Ve N,, VL, € L', then the mass
functional H? (V') is well-defined.

—
VLI =2V, ((V@lejs—ejﬁlV)ﬁijsl>+2(vﬁlV—Vbil)ejsﬁiilerO(e(—(k“)T
Hyperbolic GBC mass: If HE(V) > 0 VV,

H . ()
= c(n, k f H, (V
mp = c(n, )N;,m{\/>(1)1,}7(V,V):1} (V)
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Penrose Inequality for AH graphs

Theorem (Penrose Inequality (Ge-W.-\Wu))

E>2. Iff :H"\Q =R Wlth (M", g) = (H"\ Q,b+ V2df ® df)
is AH of decay order T > ;25 and VL € L. Assume that
Y =0%Q is in a level set off and |Vf(x)| = co asz — X.

V Ly (2k —1)!
= -
1+ V2|V f]? 2

n n— k
. < b >k<n1) +( 5| ):«2?)
2k Wn—1 Wn—1 ’

if L, > 0 and ¥ C H" is horospherical convex. Moreover, equality
is achieved by an anti-de Sitter Schwarzschild type metric.

1
my = c(n, k) (2 / V Hop_1dpf).
M b

k=1,
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Weighted Alexandrov-Fenchel inequalites in H"

Theorem (Ge-W.-Wu)

Let X be a horospherical convex hypersurface in H™

o nozk—2 N kHl
|X] | FFDE-D 12 FFD (D
/VH2k+1du2wn1 +
X Wn—1 Wn—1

Equality holds if and only if 3 is a centered geodesic sphere in H".

k=1

A similar inequality by

Ideas: Inverse curvature flow by , Heintze-Karcher
type inequality of , optimal geometric inequalities on S*~1

of Guan-W. and Alexandrov-Fenchel inequalites in H":

Guofang Wang GBC mass



Alexandrov-Fenchel inequality in H"

Isoperimetric inequality in H" by
n=2 L?>47A + A2

Theorem (Ge-W.-Wu, Ge-W.-Wu-Xia)

Let 1 < k <n — 1. Any horospherical convex hypersurface % in
H"™ satisfies

2 2
> k > k
/deuzC’,i_lwn_l{( 22 ) + (H)
D) Wn—1 Wn—1

Equality holds if and only if 33 is a geodesic sphere.

(n—k—1)

k
n—1 }2

k=2
It solves a problem in integral geometry in H" proposed by
, at least in the case of horospherical convex.
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Mass for ALH

P, =1, x N, where I_; = (1,+00) and Iy = I = (0,00)
endowed with the warped product metric
ds® 9 S
bﬂ = V2(p) +p gn, P € IH’ and V/f(p) = p + K.

K

M(M,g) = Cn lim <V,{(div bre—dtrb=e)+(tr P e—e(VO Vi, )> vdy,
’ r—00 NT‘
If kK = —1, the parameter m can be negative. In fact, m

belongs to the following interval

n—2

— 2 2

m € [me,+o00) and mcz—%.
n2
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Penrose Inequality for ALH graphs

Conjecture (Chrusciel-Simon)

Let (M, g) be a ALH manifold with an outermost minimal horizon
Y. Then the mass

1 (\zr )+ (\zr )

m > = -_— K| — )
- 2 'ﬁn—l 79n—1

provided that M satisfies the dominant condition

Ry +n(n—1)>0.

Moreover, equality holds if and only if (M, g) is a Kottler space.

oen=3 , by using the inverse mean curvature flow
of

e Arbitrary n, but for graphs by using
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A Minkowski type inequality on Kottler manifolds

Theorem (Ge-W.-Wu-Xia )

Let 3. be a compact embedded hypersurface which is star-shaped
with positive mean curvature in Py, p, = (pr,m, 00) X N™ 1 then
we have

=) ) (M)nfl
ViemHdp > — 1)U, — =
/Z ’ K (n ) ! ((ﬁn—l 7971—1
R
+(n —1)k9,—1 ((’%—1) = (19”_1) >

where OM = {p,m} x N. Equality holds if and only if ¥ is a slice.
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Proof's ideas of AF inequalities

1. Flows.
a) Inverse curvature flow (

b) Curvature flow preserving ... (

)
c) Flow of

2. Functional.

a) fHk
b) Quermassintergral

C) ka
3. Monotonicty

Lidp(g) 2k
ffz‘nIQk > C2k | (2k)lwi~]
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Thanks for your attention!




